A two levels finite element iterative method based on a pressure projection is proposed and analyzed for the transient Navier-Stokes problems. Using the P1-P1 triangular element , we solve a small Navier-Stokes type variational inequality problem on a coarse mesh and solve a large Stokes type variational inequality problem for simple iteration or a large Oseen type variational inequality problem on a fine mesh. The valuable feature of our method is that the action of stabilization operators can be performed locally at the element level with minimal additional cost. Stability and convergence of this method are discussed. Finally, the method requires only the solution to a linear system at every time step. 
Introduction
The accurate and reliable solution of fluid flow problems is important for many applications. In these one core problem is the Navier- with the usual normalization condition that Ω p(x, t)dx = 0 for 0 < t ≤ T when (1.1) is discretized by accepted methods, such as the finite-element method in space and Crank-Nicolson in time. We consider herein a simple, second order accurate, and unconditionally stable method which requires the solution of one linear system per time step.
This linear system is a discretized Oseen problem plus an difference between a consistent and an under-integrated mass matrices.
Suppressing the spatial discretization, the method can be written as (with time step k = Δt)
∇.u n+1 = 0 (1.2)
is a linear extrapolation of the velocity to t n+1/2 from previous time levels.
An appropriate discretization should be accurate and efficient (in terms of numerical costs). The accuracy is closely linked to their approximation and stability properties. Specifically, a finite element discretization for the NavierStokes equations has to deal with the stiff pressure-velocity coupling and the advective terms.
In primitive variable formulations, due to the incompressibility constraint, the so-called inf-sup condition has to be satisfied by approximation spaces of velocity and pressure in order to get stable and convergent solutions when standard approximations are used [1] [2] . This condition, in particular, does not allow simple interpolations like equal-order ones, which are desirable in computation.
To make fully use of equal-order finite elements that do not satisfy the inf-sup condition, a popular strategy is to use the stabilized techniques to circumvent or ameliorate the compatibility condition. The stabilized techniques are often developed from residuals of the momentum equation, e.g., the least squares Petrov-Galerkin finite element method [3] and the DouglasWang method [4] . Residual terms usually need to compute the higher order derivatives or replace the Laplace operator by a discrete operator. Other stabilized mixed methods involving non-residual stabilization are also developed, e.g., the pressure projection method, which does not require approximations of derivatives, specifications of mesh-dependent parameters, or nonstandard data structures. The pressure projection method has been applied to the Stokes problem by Bochev et al. [5] , Li and He [6] [7] and Li et al. [8] extended this method to Navier-Stokes equations. However, for transient Navier-Stokes equations, the paper [8] only considered the space semi-discretization for the lowest equal-order elements of both velocity and pressure. Moreover, when the viscosity coefficient is small, the solution may oscillate.
Two-level method is a very popular technique to deal with the nonlinear PDE. Its main idea is solving the nonlinear problem on the coarse mesh and solving a linear problem on the fine mesh [9] [10] [11] . The two-level finite element semi-discretization scheme has been studied by Girault and Lions [12] , and the fully discretization of the two-level finite element method in space variable x and the one-level backward Euler scheme in time variable t have been discussed by Olshanskii [13] and the fully discretization of the two-level finite element method in the space-time variables x and t has been studied by He [14, 15] and He et al. [16] .
In this paper, we propose a new two-level finite element method for a discretized Navier-Stokes equations, based on the pressure projection and the extrapolated trapezoidal rule for transient . The transient Navier-Stokes equations are fully discretized by the continuous equal-order finite elements in space and the reduced Crank-Nicolson scheme in time. The new stabilized method is stable and has a number of attractive properties. The system is stable for the equal-order combination of discrete continuous velocity and pressure spaces because of adding a pressure projection term. so the system is antidiffusive. Finally, the method requires only the solution to a linear system at every time step.
Mathematical preliminaries
Recall that (1.1) is naturally formulated in
is the set of weakly divergence free functions in X. Norms in the Sobolev spaces
2 ) are denoted by . k , and seminorms by|.| k . Define the trilinear form
The trilinear form b(.,.,.) is continuous and satisfies the following properties [12] .
, by Taylor series expansion, we are readly the following results [17] ,
The spatial part of (1.1) is formulated in
which are characterized by K h , a partitioning of X into triangles K with the mesh size h, assumed to be uniformly regular in the usual sense. Then we define
and
where P 1 (K) represents the space of linear functions on K. Denote the the space of discretely divergence free functions V h by
Note that the lowest equal-order pair (X h , Q h ) does not satisfy the discrete inf-sup condition, In order to filter the unstable factors, we supply the local stabilized form of the difference between a consistent and an under-integrated mass matrices as follows, noted G(.,.) [6] G(.,.) can be defined [6] by
with the local pressure projection Π h defined by
where
The following properties of the projection operator Π h can be proved [6, 7] :
Then, using this local stabilized form, the velocity-pressure finite element spaces (X h , Q h ) satisfy the discrete inf-sup, or LBB h , condition [7] inf
whereβ h is bounded away from zero uniformly in h. We assume that (X h , Q h ) satisfy the following approximation properties typical of piecewise polynomials of degree (m, m − 1), [18] :
We also assume that an inverse inequality holds,
and the extrapolation to t n+1/2 := t n + t n+1/2 by
The stabilized two levels finite element method
The method studied is a two-levels stabilized extrapolated finite element method, so the initial condition in each step must be specified, but are not essential.
Algorithm 3.1
Step 1.
At the first time level , let u H 0 be the Stokes Projection of u 0 (x) intoV H . Given a time step k > 0 the method computes u
Step 2.
At the first time level, let u h 0 be the Stokes Projection of u 0 (x) intoV h . Given a time step k > 0 the method computes u
We shall show that this modification affects neither the stability of the method nor the convergence rate of the velocity error approximation, but increases the convergence rate of pressure approximation.
Stability of the finite element method
We start with the proof of unconditional stability, which is the mathematical key to the good properties of the method, and motivates the more technical error analysis that follows.
The unconditional stability of Algorithm 1.1 is proven in the following theorem. 
Theorem 3. (Stability of the method) Let
Proof. At the step I, taking
Applying Cauchy-Schwarz and Young inequalities leads to
Summing (4.3) over the time levels, and using (2.3), gives
using (4.3) for n = 0, we obtain that for all n ≥ 0
2 ). (4.8)
By analogy reasoning, we have
using (4.6) , we obtain that for all n ≥ 0
This proves the Proposition.
Error estimates
Hence the method is unconditionally stable. The question remains: how fast does u h converge to u? To evaluate the rates of convergence as h → 0, we must make a specific choice of X h , Q h .
Theorem 4. (Convergence rates of velocity) Let the finite-element spaces (X h , Q h ) include continuous piecewise polynomials of degree m and m − 1 respectively (m ≥ 2), and satisfy the discrete inf-sup condition (2.5) and approximation properties (2.6)-(2.8).
Let
Proof. Consider the variational formulation corresponding to the Navier-Stokes equations (1.1), for any time t and for all v
Then subtract the first step of the two-level algorithm (3.1) from (5.1), taken at t = t n+ 1 2 , to get
Let the velocity error and the pressure error are decomposed as
. Add and subtract
Using the error decomposition (5.3) and setting v
, ϕ H n+ 1 2 ) = 0. Also it follows from the choice of the projection U n that
Applying the Cauchy-Schwarz and Young's inequalities to the linear terms on the right hand side of (5.6) gives
For clarity, we analyze each of the remaining nonlinear terms on the RHS of (5.7) individually. Here we use frequently Lemma 2.1 and the inverse estimate, together with Young's inequality.
We start with the first nonlinear term in (5.7). Adding and subtracting the quantity b(E[u(t n ), u(t n−1 )], η n+ 1 2 , ϕ H n+ 1 2 ), and using Lemma 2.1, followed by Young's inequality, we get
The first two terms involving the operator E[·, ·] can be bounded by using its definition (2....) and regularity assumptions on u,
For the third and fourth terms, we also need the inverse estimate, resulting in 
The third trilinear term is bounded with the help of the third inequality in Lemma 2.1 and the regularity assumptions on u. As a result,
where the last step follows from Young's inequality. Now, with (5.11), (5.12), (5.13) and (2.3), the error equation (5.7) can be rewritten as
2 ) (5.14)
and what is left is to bound |T (u, p; ϕ H n+ 1 2 )|. Each of its four linear terms can be bounded by the Cauchy-Schwarz and Young's inequalities, together with the estimates in Lemma 2.2. We take care of one at a time below.
We bound the second term on the right-hand side as follows, and so the first term will follow analogously. Since
we take gradient, norm, and square both sides to get
Next using the generalized triangle inequality and Cauchy-Schwarz we get
Now applying standard interpolation estimates gives The rest of this section will be devoted to proving the stability and the convergence of pressure. 
